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1. INTRODUCTION
This is a sequel to [1]. The motivation for this work was explained in
that paper. For the convenience of the reader, we recall below a few of the
essential definitions.
Let G be a matching covered graph. The number of bricks of G is
denoted by b(G), and the number of bricks of G whose underlying simple
graphs are isomorphic to the Petersen graph is denoted by p(G). An
equivalence class R of edges of G under the relation of dependence (see 2.9
of [1]) is a removable class if G−R is matching covered. If R={e} is a
removable class, then e is a removable edge.
Let G be a brick. Then, by Lemma 2.15 of [l], each removable class of
G is either a removable singleton or a removable doubleton. An edge e
of G is b-removable in G if b(G−e)=b(G) and is (b+p)-removable if
(b+p)(G−e)=(b+p)(G). If R is a removable doubleton in G, then it is
b-removable if b(G−R)=b(G)−1 and (b+p)-removable if (b+p)(G−R)=
(b+p)(G)−1. A removable edge in a brick need not in general be either
b-removable or (b+p)-removable, but, by 2.15 of [1], every removable
doubleton in a brick is both b-removable and (b+p)-removable.
An odd cut C of a matching covered graph G is a separating cut of G if
the two C-contractions of G are matching covered. Tight cuts are examples
of separating cuts. If C is a separating cut of G that is not tight in G, then
there must exist at least one perfect matching of G which meets C in more
than one edge, and the characteristic of C is the smallest odd integer l(C)
such that l(C)=min |M 5 C|, where the minimum is taken over all perfect
matchings M of G which meet C in more than one edge. If C is a tight cut
of G, then the characteristic l(C) of C is defined to be .. The characteris-
tic l(G) of G is the minimum of the characteristics of all its separating cuts.
If G has no separating cuts other than tight cuts, then l(G)=., and G is
said to be solid. In particular, a solid brick is a brick which has no nontri-
vial separating cuts. If G is a nonsolid brick, then it has at least one non-
trivial (and nontight) separating cut and therefore has finite characteristic.
As explained in [1], the objective of this work is to present a proof of
the following theorem, where K4, C6, R8, and the Petersen graph are
depicted in Fig. 1 of [1].
Theorem 1.1 (The main theorem). Every brick G has two edge-disjoint
(b+p)-removable classes.
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(i) If l(G)=. and G is distinct from K4 then G has two (b+p)-
removable edges. Graph K4 has three removable doubletons.
(ii) If 3 < l(G) <. then the underlying simple graph of G is the
Petersen graph and l(G)=5. Moreover, every edge of G is (b+p)-removable
in G.
(iii) If l(G)=3 and G is distinct from C6 and R8 then G has two
(b+p)-removable edges. Graph C6 has three removable doubletons and no
removable edge. Graph R8 has one (b+p)-removable edge and two removable
doubletons.
We presented a proof of the above theorem for solid bricks in [1]. Here
we present a proof of the remaining two cases. Both these cases involve
bricks of finite characteristic. We deal with these cases by considering cut-
contractions with respect to suitably chosen separating cuts of nonsolid
bricks.
In Sections 2 and 3, we establish a number of results which provide the
essential tools for proving the second and the third cases of the main
theorem. We deal with the case of bricks of characteristic l in the interval
3 < l <. in Section 4 and, finally, resolve the case of bricks with l=3 in
Section 5.
2. ROBUST CUTS
A nonsolid brick must have nontrivial separating cuts. In [1], we
referred to such cuts as good cuts. Let C be a good cut in a brick G, and let
G1 and G2 be the two C-contractions of G. Then, since C is separating,
both G1 and G2 are matching covered. If both G1 and G2 are near-bricks
(i.e., matching covered graphs with exactly one brick), then C is called a
robust cut of G. A good cut in a brick need not be robust (see Fig. 1).
Although every nonsolid brick, by definition, has good cuts, it is not at
all clear that nonsolid bricks have robust cuts. In Section 2.1, we show that
every nonsolid brick G has robust cuts whose characteristic is equal to that
of G. In the rest of the section, we establish several useful properties of
robust cuts which are crucial in the proof of the main theorem.
2.1. Existence of Robust Cuts in Nonsolid Bricks
Given a good cut in a brick, we define a family of good cuts related to
that good cut and show that each member of this family is a robust cut.
Underlying this proof of existence is a natural constructive procedure
which can be used to find a robust cut starting from a good cut. The idea is
as follows: Suppose that G is a brick and that C is a good cut in G. If C is
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FIG. 1. A good cut that is not robust.
not a robust cut, then one of the C-contractions of G, say G1, has more
than one brick. Then, G1 has either a 2-separation cut associated with a
2-separation {u, v} of G1 or a barrier cut associated with a barrier B of G1.
Each of these tight cuts of G1 is good in G. Moreover, one of them can be
shown to be richer than C in terms of the intersections of perfect matchings
of G. If the new cut we find is not robust, then this procedure may be
repeated, and eventually a robust cut may be obtained.
Let G be a brick and C and D be nontrivial separating cuts of G. Cut D
precedes C (written as DQ C) if |M 5 D| [ |M 5 C| for each perfect
matching M of G. If equality holds for each perfect matching M then C
and D are clearly matching equivalent. If inequality holds for at least one
perfect matching M then we say that D strictly precedes C and we indicate
that fact by writing DO C. Cut D is minimal with respect to relation Q if
there is no nontrivial separating cut D1 such that D1 O D.
Lemma 2.1. Let C be a nontrivial separating cut of G. Let D denote a
collection of k nontrivial odd cuts of G such that for every perfect matching
M of G
C
D ¥D
|M 5 D|=|M 5 C|+k−1. (1)
Then, each cut of D is separating. Moreover, if k > 1 then DO C, for each
cut D in D.
Proof. We first show that each D in D is separating in G. For this, let e
denote any edge of G. Observe that C is separating; therefore there exists a
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perfect matching Me of G that contains e and just one edge in C. From
Eq. (1) it follows that Me has just one edge in each cut in D. Since this
conclusion holds for each edge e in G and each cut in D, it follows that
each cut in D is separating in G.
Assume that k > 1, and let D be any cut in D. To show that DO C, let
M be any perfect matching of G. Observe first that each of the k−1 cuts of
D−D requires at least one edge in M. Thus, from (1), we conclude that
|M 5 D| [ |M 5 C|, with equality only if M has precisely one edge in each
cut of D−D. Since k > 1, let DŒ be any cut of D−D. Cut DŒ is nontrivial
and separating; graph G is a brick. Thus, at least one perfect matching of G
contains more than one edge in DŒ. We conclude that |M 5 D| [ |M 5 C|,
with strict inequality for at least one perfect matching M of G. That is,
DO C. This conclusion holds for each D of D. L
Lemma 2.2. Let M0 be a perfect matching of G and C be a nontrivial
separating cut of G such that |M0 5 C| > 1. Let D denote a nonnull collection
of k separating cuts of G such that every perfect matching M of G satisfies
Eq. (1). Then, at least one cut D of D satisfies the inequality 1 < |M0 5 D| [
|M0 5 C|.
Proof. If each cut in D contains just one edge inM0, then from Eq. (1)
it follows that C also has just one edge in M0, a contradiction. Moreover,
by Eq. 1, |M0 5 D| [ |M0 5 C|, for each cut D in D. L
Lemma 2.3. Let G be a brick, M0 a perfect matching of G, and C :=
N(X) a nontrivial separating cut of G such that |M0 5 C| > 1. If C is minimal
with respect to the relation Q of precedence among all nontrivial separating
cuts D of G such that DQ C and |M0 5 D| > 1, then G1 :=G{X; x¯} is a
near-brick.
Proof. We prove the assertion by induction on X.
We begin the proof by showing that G1 has no 2-separations. For this,
assume, to the contrary, that G1 has a 2-separation, say, {u, v}. Since G is a
brick, x¯ is one of u and v. Adjust notation so that x¯=u. Let D1 and D2
denote two cuts associated with the 2-separation, in the usual way. For any
perfect matchingM of G,
|M 5 D1 |+|M 5 D2 |=|M 5 N(x¯)|+|M 5 N(v)|.
Since N(x¯)=C and v is a vertex of G,
|M 5 D1 |+|M 5 D2 |=|M 5 C|+1.
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By Lemma 2.1, Di is separating and Di O C, for i=1, 2. By Lemma 2.2, at
least one of D1 and D2 is M0-good. The minimality of C is contradicted.
Indeed, G1 is free of 2-separations.
If G1 is free of nontrivial barriers then G1 is a brick and the assertion
holds trivially. So suppose that G1 has a nontrivial barrier, say B. We now
proceed to show that B is special; that is, precisely one component of
G1−B is nontrivial. Graph G is a brick and therefore free of nontrivial
barriers. Consequently, x¯ ¥ B. Let D denote the set of cuts associated with
nontrivial components of G1−B. Let k denote |D|. Cut C is not tight;
therefore G1 is not bipartite, whence k \ 1. Let M denote any perfect
matching of G. A simple counting argument shows that
C
D ¥D
|M 5 D|+(|B|−k)=|M 5 C|+(|B|−1),
whence Eq. (1) in the assertions of Lemmas 2.1 and 2.2 holds. The mini-
mality of C thus implies that k=1. Also, the only nontrivial cut D in D is
alsoM0-good and matching equivalent to C. Thus D is also minimal.
Denote by Y the shore of D included by X. Then, Y is a proper subset
of X. By induction hypothesis, G{Y; y¯} is a near-brick. Since Y is the
vertex set of the only nontrivial component of G1−B, G1 is also a near-brick.
Corollary 2.4. Let G be a brick, M0 a perfect matching G, and C a
nontrivial separating cut of G such that |M0 5 C| > 1. If C is minimal with
respect to the relation Q of precedence among all nontrivial separating cuts
D of G such that DQ C and |M0 5 D| > 1, then C is robust.
For any good cut C in a brick G, let M0 denote a perfect matching of G
such that |M0 5 C|=l(C) and let D be a nontrivial separating cut that is
minimal with respect to Q among all nontrivial separating cuts D such that
DQ C and |M0 5 D| > 1. We then say that D is a cutM0-induced by C.
Theorem 2.5. Let G be a brick and D a cut M0-induced by a separating
cut C such that |M0 5 C|=l(C). Then D isM0-robust and l(D) [ l(C).
Proof. We note that cut D, by definition, is minimal with respect to Q.
Therefore, by Corollary 2.4, cut D is M0-robust. Moreover, |M 5 D| [
|M 5 C|, for each perfect matchingM of G. In particular, |M0 5 D| [ l(C).
Therefore, l(D) [ l(C). L
Corollary 2.6. Every nonsolid brick G has a robust cut of characteristic
l(G).
We refer to a robust cut of characteristic l as a l-robust cut.
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2.2. Robust Cuts of Cut-Contractions
In Section 5 we need a variant of Theorem 2.5. There we consider the
contractions of a brick G with respect to a suitably chosen 3-robust cut of
G. (For example, in part of the proof, we choose a 3-robust cut C=N(X)
of a brick G such that X is minimal.) In order to utilize the criterion used
for choosing the robust cut, we shall need to know how to relate robust
cuts of the C-contractions of G with those of G itself. The results proved in
this section are useful in that context. The first lemma we prove establishes
conditions under which a 3-robust cut of a cut-contraction of a brick is
a 3-robust cut of the brick itself.
Throughout the rest of this section, G denotes a brick of characteristic
three, C=N(X) a 3-robust cut of G, M0 a perfect matching of G such that
|M0 5 C|=3, and G1 :=G{X, x¯} and G2 :=G{X¯, x} the two C-contractions
of G.
Lemma 2.7. Suppose that D is a 3-robust cut of G1. If |M0 5 D|=1, then
D is also a 3-robust cut of G.
Proof. Let H1 and H2 denote the two D-contractions of G. Adjust
notation so that C is a cut of H2. Since D is robust in G1, H1 is a near-
brick. Graph H2 has two C-contractions. One of them is G2, a near-brick,
and the other is the D-contraction of G1 distinct from H1, also a near-brick.
Thus, both C-contractions of H2 are near-bricks. Moreover, since M0 has
just one edge in D, M0 5 E(H2) is a perfect matching of H2; that perfect
matching contains more than one edge in C. Thus, C is robust inH2, whence
H2 is a near-brick.We conclude that bothD-contractions ofG are near-bricks.
Any perfect matching of G1 may be extended to a perfect matching of G.
In particular, any perfect matching of G1 that contains more than one edge
in D may be extended to a perfect matching of G. Since D is a 3-robust cut
of G1, there exists a perfect matchingM
−
1 of G1 such that |M
−
1 5 D|=3, and
M −1 can be extended to a perfect matchingM1 of G such that |M1 5 D|=3.
It follows that D is a 3-robust cut of G. L
We shall now consider the problem of establishing conditions under
which a nontrivial separating cut of G1 induces a 3-robust cut of G1 satisfy-
ing the condition in the above lemma. The following two lemmas are
motivated by this.
Let N0 denote the restriction of M0 to E(G1). Then it is easy to see that
N0 satisfies the following property:
|N0 5 N(v)|=˛3 if v=x¯1 if v ] x¯, v ¥ V(G1). (2)
The following assertion is similar to that of Lemma 2.2. Its proof is
immediate.
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Lemma 2.8. Let D be a collection of k nontrivial separating cuts of G1
such that
C
D ¥D
|N0 5 D| [ k+2. (3)
If k > 1 then |N0 5 D|=1 for at least one cut D in D.
Lemma 2.9. Suppose thatG1=G{X; x¯} is a brick, and suppose thatDg :=
N(Y) is a nontrivial separating cut of G1 that is minimal with respect to Q,
among all nontrivial separating cuts D of G1 such that |N0 5 D|=1. Then
H1 :=G1{Y; y¯} is a near-brick.
Proof. The proof is by induction on |Y|. It has many similarities with
the proof of Lemma 2.3, but there are some subtle differences.
We begin by showing that H1 has no 2-separations. For this, assume, to
the contrary, that H1 has a 2-separation, say, {u, v}. Since G1 is a brick, y¯ is
one of u and v. Adjust notation so that y¯=u. Let D1 and D2 denote two
cuts associated with the 2-separation, in the usual way. For any perfect
matchingM of G1,
|M 5 D1 |+|M 5 D2 |=|M 5 Dg|+1. (4)
By Lemma 2.1, Di is separating and Di O Dg, for i=1, 2.
On the other hand,
|N0 5 D1 |+|N0 5 D2 |=|N0 5 Dg|+2 |{v} 5 {x¯}|+1 [ 4.
By Lemma 2.8, it follows that at least one of D1 and D2 has exactly one
edge in N0, and the minimality of Dg is contradicted. Indeed, H1 is free of
2-separations.
If H1 is also free of nontrivial barriers then H1 is a brick and the asser-
tion holds. So suppose that H1 has a nontrivial barrier, say B. We now
proceed to show that B is special; that is, precisely one component of
H1−B is nontrivial. Graph G1, by hypothesis, is a brick and therefore free
of nontrivial barriers. Consequently, y¯ ¥ B. Let D denote the set of cuts
associated with nontrivial components of H1−B. Let k denote |D|. Cut Dg
is not tight; therefore H1 is not bipartite, whence k \ 1. Let M denote any
perfect matching of G1. A simple counting argument shows that
C
D ¥D
|M 5 D|+(|B|−k)=|M 5 Dg|+(|B|−1),
whence Eq. (1) in the statement of Lemma 2.1 holds, with Dg playing the
role of C.
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On the other hand, every vertex of B−x¯ is incident with precisely one
edge of N0. Moreover, a simple counting argument shows that vertex x¯
cannot be one of the trivial components of H1−B. Thus,
C
D ¥D
|N0 5 D|+(|B|−k)=|N0 5 Dg|+2 |B 5 {x¯}|+(|B|−1). (5)
Noting that |N0 5 Dg|=1 and simplifying, we get
C
D ¥D
|N0 5 D| [ k+2, (6)
whence inequality (3) in the statement of Lemma 2.8 holds.
If k > 1, then each cut of D is separating, nontrivial, and precedes Dg,
and at least one such cut has exactly one edge in N0. The minimality of Dg
thus implies that k=1. Also, the only nontrivial cut D in D is matching
equivalent to Dg in G1. Thus, D is also minimal. Denote by Z the shore of
D that is a subset of Y. Let J :=G1{Z; z¯}.
We may thus assume that (i) H1 is free of 2-separations, and (ii) every
nontrivial barrier of H1 is special and contains vertex y¯. We may take B to
be a maximal nontrivial barrier of H1. By Lemma 2.8 of [1], graph J is
bicritical, because every nontrivial barrier of J is a nontrivial barrier of H1
that does not contain vertex y¯.
If J is a brick, then, clearly, H1 is a near-brick. So, let us assume that J
has a 2-separation, {u, v}. Let D1 and D2 be two cuts associated with that
2-separation, in the usual way. Since G1 is free of 2-separations, one of u
and v is z¯. Adjust notation so that u=z¯. Since D=N(z¯) and since Dg is
matching equivalent to D, Eq. (4) holds.
From Eq. (5) we deduce that |N0 5 D|=1+2 |B 5 {x¯}|, whence
|N0 5 D1 |+|N0 5 D2 |=1+2 |B 5 {x¯}|+1+2 |{v} 5 {x¯}|.
Vertex v does not lie in B ; therefore we deduce that cuts D1 and D2 satisfy
inequality (3) in the statement of Lemma 2.8. Again, the minimality of Dg
is contradicted. L
Corollary 2.10. Suppose that G1 is a brick and D is a cut of G1 that is
minimal with respect to Q among the nontrivial separating cuts D of G1 such
that |N0 5 D|=1 and |M 5 D| [ 3 for every perfect matchingM of G1. Then
D is 3-robust in G1.
From the above results, we now deduce the result needed in Section 5.
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Theorem 2.11. Let G be a brick, C=N(X) a 3-robust cut of G, M0 a
perfect matching of G such that |M0 5 C|=3, and G1 :=G{X, x¯} a
C-contraction of G. Suppose that G1 is a brick, and suppose that there exists a
nontrivial separating cut DŒ of G1 such that |M0 5 DŒ|=1 and |M 5 DŒ| [ 3
for all perfect matchings M of G1. Then, there exists a 3-robust cut D of G1
which is also a 3-robust cut of G.
Proof. By Corollary 2.10 there exists a 3-robust cut D of G1 such that
|M0 5 D|=1. Now, by Lemma 2.7, it follows that D is also a 3-robust cut
of G. L
2.3. Robust Cuts with a Brick as a Cut-Contraction
If C :=N(X) is a robust cut of a brick G, then the two C-contractions of
G are near-bricks, but, in general, need not be bricks. As noted earlier, we
aim to prove the main theorem by induction on the size of G. Since the
statement of the main theorem is about bricks, we cannot directly apply the
induction hypothesis to the C-contractions if they were not bricks. Fortu-
nately, there is a fairly simple way of dealing with this situation. The
lemmas proved in this section are useful in this context.
Lemma 2.12. Let C :=N(X) denote a robust cut of a brick G and let
G1 :=G{X; x¯} and G2 :=G{X¯; x} denote the C-contractions of G. Let D
denote a nontrivial tight cut of G1, and let Y denote the shore of D in G1 that
does not contain the vertex x¯. Then, the graph H1=G1{Y¯; y} is bipartite,
and x¯ and y lie in distinct parts of H1.
Proof. Let H2 :=G1{Y; y¯} denote the other D-contraction of G1. Since
G1 is a near-brick, precisely one of H1 and H2 is bipartite. Graph H2 cannot
be bipartite or else the part of H2 not containing vertex y¯ is a nontrivial
barrier of G. Thus H1 is bipartite. All vertices of V(H1)−{x¯, y} are vertices
of G. Thus x¯ and y do not lie in the same part of H1 or else the other part
would be a nontrivial barrier of G. As asserted, x¯ and y lie in distinct parts
of H1. L
Corollary 2.13. If D=N(Y) is a nontrivial tight cut of G1 with x¯ ¨ Y
then D is a robust cut of G with Y …X and l(D)=l(C). Moreover, cuts C
and D are matching equivalent.
Proof. By Lemma 2.12, x¯ and y lie in distinct parts of H1=G1{Y¯; y}.
It follows that C and D are matching equivalent. One of the D-contrac-
tions of G is D-contraction H2 of G1, which is a near-brick. The other
D-contraction of G has two C-contractions: one is H1, a bipartite (matching
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covered) graph, and the other is G2, a C-contraction of G, whence a near-
brick. We conclude that both D-contractions of G are near-bricks. Thus, D
is robust. Cuts C and D are matching equivalent; therefore l(C)=
l(D). L
Corollary 2.14. Let G be a brick and C be a robust cut of G of char-
acteristic l(G). Let X be a shore of C. Then, there exists a subset XŒ of X
and a superset Xœ of X such that cuts C, CŒ :=N(XŒ), and Cœ :=N(Xœ) are
matching-equivalent robust cuts of G, CŒ-contraction GŒ :=G{XŒ ; xŒ} and
Cœ-contraction Gœ :=GŒ{Xœ ; xœ} of G are bricks and the graph H, obtained
from G by contracting XŒ to single vertex xŒ and by contracting Xœ to single
vertex xœ, is bipartite and matching covered.
We call cuts CŒ and Cœ extremal robust cuts of G associated with C.
2.4. The Case b(G−e)=2
Let G be a brick and let C be a robust cut of G. Let G1 and G2 be the two
C-contractions of G. Suppose that e is an edge in C which is b-removable in
both G1 and G2. If there is a perfect matching M of G−e such that
|M 5 C| > 1, then C−e is a robust cut of G−e, and e is b-removable in G.
If there is no such perfect matching in G−e, then C−e is a tight cut in
G−e and b(G−e)=2. This situation arises in several places in the proof of
the main theorem. The definitions given below, and the lemmas proved in
this section play a crucial role in dealing with such instances.
Let G be a matching covered graph, and let C=N(X) and D=N(Y) be
two tight cuts of G. Then, C and D are said to be a barrier cut pair of G if
there exists a barrier B of G such that G−B has precisely two nontrivial
components K and L and C=N(V(K)) and D=N(V(L)). And, C and D
are said to be essentially a 2-separation pair of G if they cross and the
graphs G{X 5 Y} and G{X¯ 5 Y¯} are both bipartite (where the notation has
been adjusted so that both X 5 Y and X¯ 5 Y¯are odd).
Lemma 2.15. Let G be a brick, let e be a removable edge of G such that
b(G−e)=2, and let C be a robust cut of G. Then, there exists a robust cut D
of G such that D−e is tight in G−e and cuts C and D are not matching
equivalent in G.
Proof. (We remark that the fact that C is robust is not used in this
proof.) By Theorem 6.3 of [1], graph G has two good cuts D1 and D2 that
are not matching equivalent and such that both D1−e and D2−e are tight
in G−e.
We now show that D1 and D2 are both robust in G. For this, let H
denote a D1-contraction of G. Cut D1 is good in G. By Corollary 2.21 of
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[1], graph H is nonbipartite. Cut D1−e is tight in G−e ; therefore graph
H−e is matching covered. Thus, graphs H and H−e are both matching
covered, and graph H is nonbipartite; therefore graph H−e is also nonbi-
partite. Thus, b(H−e) \ 1. This conclusion holds for each D1-contraction
H of G, cut D1−e is tight in G−e and b(G−e)=2; therefore b(H−e)=1.
That is, graph H−e is a near-brick. By Corollary 2.18 of [1], graph H is
also a near-brick. This conclusion holds for each D1-contraction H of G ;
therefore cut D1 is robust. A similar conclusion holds for cut D2.
Since D1 and D2 are not matching equivalent then either C and D1 are
not matching equivalent or C and D2 are not matching equivalent. Let D
be one of D1 and D2 such that C and D are not matching-equivalent. L
We shall now proceed to show that the cuts C and D must in fact be
related to each other in a very special way. The following two lemmas are
useful in this connection.
Lemma 2.16. Let G be a brick, let e be a removable edge of G such that
b(G−e)=2, and let C and D be separating cuts of G such that each of C−e
and D−e is tight and strictly separating in G−e. If cuts C and D are not
matching equivalent and do not cross then C−e and D−e are a barrier cut
pair of G−e.
Proof. By hypothesis, cuts C and D do not cross. Therefore, C has a
shore X and D a shore Y such that X and Y are disjoint. Let GX and GX¯,
respectively, denote C-contractions G{X; x¯} and G{X¯; x} of G. Likewise,
let GY and GY¯, respectively, denote C-contractions G{Y; y¯} and G{Y¯; y} of
G. Finally, let H :=GX¯{Y¯; y}. We remark that H=GY¯{X¯; x}.
By hypothesis, cuts C−e and D−e are both tight in G−e. Therefore, cut
D−e is tight in GX¯−e. We conclude that graphs GX−e, GY−e, and H−e
are graphs derived from a (possibly partial) tight cut decomposition of
G−e. Thus, b(G−e)=b(GX−e)+b(GY−e)+b(H−e). By hypothesis,
b(G−e)=2. Therefore, at least one of GX−e, GY−e, and H−e is
bipartite.
By hypothesis, cut C−e is strictly separating in G−e ; therefore no
(C−e)-contraction of G−e is bipartite. In particular, GX−e is not bipar-
tite. Likewise, GY−e is not bipartite. We conclude that graph H−e is
bipartite. Let (A, B) denote the bipartition of H−e. Adjust notation so
that vertex x lies in A.
We now show that vertex y also lies in A. For this, assume, to the con-
trary, that vertex y lies in B. If graph H is bipartite then a counting argu-
ment shows that cuts C and D are matching equivalent, a contradiction to
the hypothesis. Therefore graph H is not bipartite. Then, edge e lies in H
and the ends of e in H lie both in one of A and B. If both ends of e in H lie
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in A then A is a barrier of GX¯ that spans edge e, whence GX¯ is not matching
covered. That conclusion implies that cut C is not separating in G, a con-
tradiction. Likewise, if both ends of e in H lie in B then graph GY¯ is not
matching covered, whence cut D is not separating in G. In both cases we
derived a contradiction. Indeed, vertex y also lies in A.
All the vertices of B are vertices of G, because vertices x and y lie both in
A. By hypothesis graph G is a brick. Therefore, B is not a barrier of G. We
conclude that edge e lies in H and has both ends in A. As asserted, B is a
barrier of G−e such that both C−e and D−e are (barrier) cuts associated
with B. L
Lemma 2.17. Let G be a brick, let e be a removable edge of G such that
b(G−e)=2, and let C and D be separating cuts of G such that each of C−e
and D−e is tight and strictly separating in G−e. If cuts C and D are
not matching equivalent but cross then C−e and D−e are essentially a
2-separation pair of G−e.
Proof. Let X be a shore of C. Let Y be a shore of D such that both
X 5 Y and X¯ 5 Y¯ are odd. Let
G1 :=G{X; x¯} G2 :=G{X¯; x}
H1 :=G{Y; y¯} H2 :=G{Y¯; y}
G11 :=G{X 5 Y; v11} G22 :=G{X¯ 5 Y¯ ; v22}
G12 :=G1{X 5 Y¯ 2 {x¯}; v12} H21 :=H2{X 5 Y¯ 2 {y}; w21}
G21 :=G2{X¯ 5 Y 2 {x}; v21} H12 :=H1{X¯ 5 Y 2 {y¯}; w12}
I :=N(X 5 Y) U :=N(X¯ 5 Y¯)
(See Fig. 2 for an illustration.)
Each of C−e and D−e is tight in G−e. By Theorem 2.12 of [1], cuts
I−e and U−e are tight in G−e. Moreover, no edge of G−e joins a vertex
of X 5 Y¯ to a vertex of X¯ 5 Y.
We now show that, up to multiple edges, graphs G12−e and H21−e are
equal. For this, note first that graphs G12−e−v12 and H21−e−y are equal,
because no edge of G−e joins a vertex of X 5 Y¯ to a vertex of X¯ 5 Y.
Likewise, graphs G12−e−x¯ and H21−e−w21 are equal. Thus, in order to
prove that graphs G12−e and H21−e are equal, up to multiple edges, it now
remains to show that vertices x¯ and v12 are adjacent in G12−e and vertices
w21 and y are adjacent in H21−e. Cut D−e is tight in G−e ; therefore
(D−e)-contraction H1−e of G−e is matching covered, whence 2-con-
nected. Therefore, graph H1−e−y¯, which is graph G[Y]−e, is connected.
Thus, the (nonnull) set of edges of G−e that join vertices of X¯ 5 Y
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FIG. 2. Illustration for the case in which C−e and D−e are a 2-separation pair.
to vertices of X 5 Y is precisely the set of edges of G12−e that join vertices
x¯ and v12. We conclude that those two vertices are adjacent in G12−e.
Likewise, cut C−e is tight in G−e and from that we deduce that vertices
w21 and y are adjacent in H21−e. Indeed, graphs G12−e and H21−e are
equal, up to multiple edges.
Similarly, up to multiple edges, graphs G21−e and H12−e are equal.
In order to prove that C−e and D−e are essentially 2-separation cuts of
G−e, it suffices to show that G11−e and G22−e are both bipartite.
For this, assume the contrary. Cut C−e is strictly separating and tight in
G−e. Moreover, b(G−e)=2. Therefore, graph G1−e is a near-brick. If
G11−e is not bipartite, then G12−e is bipartite, because those two graphs
are the (I−e)-contractions of G1−e, cut I−e is tight in G1−e, and G1−e
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is a near-brick. The same reasoning may be repeated, replacing G12 by G21
and G1 by G2, thereby showing that G21−e is also bipartite. Likewise, if
G22−e is not bipartite then both G12−e and G21−e are bipartite.
We conclude that the hypothesis that one of G11−e and G22−e is not
bipartite implies that both G12−e and G21−e are bipartite.
We have seen above that vertices x¯ and v12 are adjacent in G12−e.
Therefore they lie in distinct parts of the bipartition of G12−e. If edge e has
both ends in the same part that contains vertex x¯, then, for every perfect
matching M of G that contains edge e, |M 5 C|=2+|M 5 I| \ 3. There-
fore, C is not separating in G. Likewise, if both ends of e lie in the same
part that contains v12, then, recalling that up to multiple edges G12−e is the
graph H21−e, it follows that, for every perfect matching M of G that con-
tains edge e, |M 5 D|=2+|M 5 U| \ 3, whence D is not separating in G.
We conclude that graph G12 is bipartite. Since vertices x¯ and v12 lie in
distinct parts of the bipartition of G12, the cuts C and I are matching
equivalent in G. (Also, the cuts D and U are matching equivalent.)
Since graph G21−e is bipartite, a similar reasoning leads to the conclu-
sion that G21 is bipartite and cuts I and D are matching equivalent in G.
(Also cuts C and U are matching equivalent in G.)
Since C and I are matching equivalent, and I and D are matching
equivalent, we conclude that cuts C and D are matching equivalent, a con-
tradiction. Thus, indeed, both G11−e and G22−e are bipartite. This
completes the proof of Lemma 2.17. L
From the above lemmas, we now deduce the following theorem and a
corollary which plays an important role in our proof of the main theorem.
Theorem 2.18. Let G be a brick, let e be a removable edge of G such
that b(G−e)=2, and let C be a robust cut of G. If C−e is tight in G−e
then there exists a robust cut D of G such that:
1. D−e is tight in G−e, and C−e and D−e are either a barrier cut
pair of G−e or essentially a 2-separation pair of G−e, and
2. precisely one of the following properties hold:
(a) |M 5 C|+|M 5 D| [ 4 for each perfect matchingM of G, or
(b) |M 5 C|+|M 5 D| ¥ {2, 6} for each perfect matching M of G
and edge e lies in each of C and D.
Proof. By Lemma 2.15, there exists a robust cut D of G such that D−e
is tight in G−e and cuts C and D are not matching-equivalent in G.
The validity of the first property in the assertion thus follows from
Lemmas 2.16 and 2.17, provided we show that each of C−e and D−e is
strictly separating in G−e.
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To prove that cut C−e is strictly separating in G−e, let H denote any
C-contraction of G. Cut C−e is tight in G−e ; therefore graph H−e is
matching covered. Thus, cut C−e is separating in G−e. Cut C is robust in
G ; therefore H is a near-brick, whence nonbipartite. By Theorem 2.17 of
[1], graph H−e is also nonbipartite. This conclusion holds for each
C-contraction H of G ; therefore cut C−e is strictly separating in G−e.
Likewise, cut D−e is also strictly separating in G−e. The proof of the first
part of the assertion is complete.
To prove the second part, we have to consider several cases. Consider
first the case in which cuts C−e and D−e are a barrier cut pair. Let B
denote a barrier of G−e such that cuts C−e and D−e are the nontrivial
tight cuts associated with barrier B in G−e. Graph G, a brick, is free of
nontrivial barriers. Thus, edge e has its ends in distinct components of
G−e−B. A counting argument then shows that
|M 5 C|+|M 5 D|+(|B|−2)−2 |M 5 {e}|=|B|,
for each perfect matchingM of G. In that case, inequalities
|M 5 C|+|M 5 D| [ 2+2 |M 5 {e}| [ 4 (7)
hold (with equality in the first inequality). The assertion is thus valid in this
case.
We may thus assume that cuts C−e and D−e constitute essentially a
2-separation pair in G−e. We now adopt the notation used in the proof of
Lemma 2.17. Let Z denote the set of edges of G that join vertices of X 5 Y¯
to vertices of X¯ 5 Y.
By Theorem 2.12 of [1], cuts I−e and U−e are both tight in G−e and
set Z is a subset of {e}. By Lemma 2.11 of [1], the following submodular
relation holds, for each perfect matchingM of G :
|M 5 C|+|M 5 D|=|M 5 I|+|M 5 U|+2 |M 5 Z|.
Since Z ı {e}, the following equality holds for each perfect matching M
of G :
|M 5 C|+|M 5 D|=|M 5 I|+|M 5 U|+2 |M 5 {e} 5 Z|. (8)
Since cut I−e is tight in G−e, both (I−e)-contractions of G−e are
matching covered. In particular, graph G11−e is matching covered. By
definition of essentially a 2-separation pair, graph G11−e is also bipartite.
Likewise, graph G22−e is also bipartite and matching covered.
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For i=1, 2, let (Ai, Bi) denote a bipartition of Gii−e so that vertex vii
lies in Ai. Since G11−e is matching covered, it follows that |A1 |=|B1 |.
Likewise, |A2 |=|B2 |.
Set B1 is a barrier of G−e. Edge e cannot have both ends in B1; other-
wise edge e would not be admissible in G. Therefore, if edge e lies in E(G11)
it has at least one end in A1. Let M be any perfect matching of G.
A counting argument then shows that
|M 5 I| [ 1+2 |M 5 {e}|, (9)
with equality if, and only if, either (i) edge e does not lie inM, or (ii) edge e
lies inM 5 E(G11) and the ends of e in G11 lie both in A1. Likewise,
|M 5 U| [ 1+2 |M 5 {e}|, (10)
with equality if, and only if, either (i) edge e does not lie inM, or (ii) edge e
lies inM 5 E(G22) and the ends of e in G22 both lie in A2.
Consider now the case in which edge e lies in Z. In that case, edge e does
not lie in E(G11). By (9), |M 5 I|=1, for every perfect matching M of G.
That is, cut I is tight in G. Likewise, by (10), cut U is also tight in G. From
(8) we then immediately deduce the validity of (7) (with equality in the first
inequality). The assertion thus holds in this case.
We may thus assume that edge e does not lie in Z. Therefore, set Z is
empty. Consider next the case in which no end of edge e in G lies in
A11−v11. In that case, by (9), cut I is tight in G. Addition of (10) and (8),
and simplification, yields inequality (7), whence the assertion holds in this
case. Likewise, the assertion is also valid in the case in which no end of e in
G lies in A22−v22.
We may thus assume that (i) set Z is empty and (ii) edge e has one end in
A11−v11 and one end in A22−v22. We remark that this hypothesis implies
that edge e lies in each of C, D, I, and U. Equality holds in each of (9) and
in (10), for each perfect matching M of G. Addition of (9), (10), and (8),
and simplification, yields
|M 5 C|+|M 5 D|=2+4 |M 5 {e}| ¥ {2, 6},
for each perfect matching M of G. The proof of the second part of the
assertion is complete. L
Corollary 2.19. Let G be a brick, let e be a removable edge of G such
that b(G−e)=2, and let C be a robust cut of G. If C−e is tight in G−e
then there exists a robust cut D of G such that:
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1. D−e is tight in G−e, and C−e and D−e are either a barrier cut
pair of G−e or essentially a 2-separation pair of G−e, and
2. The characteristic of cuts C and D satisfy the inequalities 3 [ l(C)=
l(D) [ 5. Moreover, if l(C)=l(D)=5, then edge e lies in both C and D.
Proof. By Theorem 2.18, there exists a robust cut D in G such that the
first part of the assertion holds.
To prove the second part, consider first the case in which inequality
|M 5 C|+|M 5 D| [ 4 holds for each perfect matchingM of G. Cuts C and
D are both odd; thus max(|M 5 C|, |M 5 D|) [ 3, for each perfect match-
ing M of G. Moreover, neither C nor D is tight in G, therefore there exist
perfect matchings MC and MD of G such that |MC 5 C|=|MD 5 D|=3
and |MC 5 D|=|MD 5 C|=1. We conclude that l(C)=l(D)=3 in this
case.
We may thus assume that |M 5 C|+|M 5 D| > 4 for some perfect
matching M of G. By Theorem 2.18, |M 5 C|+|M 5 D| ¥ {2, 6}, for each
perfect matchingM of G. Moreover, edge e lies in each of C and D.
If, for some perfect matching M of G, one of |M 5 C| and |M 5 D| is
equal to three, then both are equal to three, whence l(C)=l(D)=3.
Alternatively, if, for each perfect matching M of G, neither |M 5 C| nor
|M 5 D| is equal to three, then both numbers lie in {1, 5}, for each perfect
matchingM of G. Neither C nor D is tight; therefore l(C)=l(D)=5. L
3. PRELIMINARIES
This section contains very important auxiliary results that are used in the
proof of the main theorem.
3.1. The Removable Doubleton Lemma
Lemma 3.1. Let G be a brick, C :=N(X) a robust cut of G, and G1 :=
G{X; x¯} and G2 :=G{X¯; x} the two C-contractions of G. Let M0 be a
perfect matching of G that contains precisely l(G) edges in C. If G1 is a brick
and Q is a removable doubleton of G1, then l(G)=3; one of the edges of Q,
say e, does not lie inM0 2 C, while the other, say f, lies inM0. Moreover, if
f is b-removable in G2, then e is a b-removable edge of G.
Proof. Suppose that G1 is a brick and that Q is a removable doubleton
in G1. Then G1−Q has a bipartition, say (A, B). Adjust notation so that
vertex x¯ lies in B. Let e denote the edge of Q having both ends in A, let f
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denote the other edge of Q that has both ends in B. A simple counting
argument shows that
|M0 5 N(x¯)|=3, f ¥M0, e ¨M0.
So the first part of the assertion of the lemma holds.
Now suppose that f is b-removable in G2.4 As the doubleton Q is
4 This hypothesis includes the alternative that edge f does not lie in E(G2). In the remainder
of the paper we shall adopt the convention that if an edge does not lie in a matching covered
graph then that edge is removable, b-removable and (b+p)-removable in that graph.
removable in G1, we have that graphs G1−Q and G2−Q are both matching
covered. Thus, G−Q is also matching covered. Moreover, G1−Q is bipar-
tite, whence C−f is tight in G−Q. Since f is b-removable in G2, we
conclude that b(G−Q)=b(G2−f)=1.
Observe that graph G−e is matching covered, because G−e−f is
matching covered and M0 is a perfect matching of G that contains edge f
but not edge e. By the monotonicity of b, we have that
1=b(G−e−f) \ b(G−e) \ b(G)=1.
Therefore, edge e is b-removable in G. L
3.2. The Lemma on Odd Wheels
For the next lemma, we need the following result, due to Lova´sz
[3, Theorem 5.5.2, p. 196].
Theorem 3.2. Let H be a 2-connected critical graph. If H is not a circuit
then H can be written as W+P, where W is a 2-connected critical subgraph
of H and P is an odd path, with its distinct ends in W, but internally disjoint
fromW.
Lemma 3.3 (Lemma on odd wheels). Let G be a brick, and let v be a
specified vertex of G. Then, at least one of the following properties holds:
(i) G is an odd wheel of hub v, up to multiple edges in N(v), or
(ii) G has characteristic 3, or
(iii) G has a removable class disjoint with N(v).
Proof. Consider the graph G−v. Since G is a brick, G−v is critical and
2-connected.
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Case 1. Graph G−v is a circuit.
Each vertex of G−v is adjacent to v, because G is 3-connected. We
conclude that G is an odd wheel of hub v, up to multiple edges incident
with vertex v.
We may thus assume that G−v is not a circuit. Let us thus write
G−v=W+P, as given by Theorem 3.2.
Case 2. |E(P)| > 1.
Say P=(u0, u1, ..., u2k, u2k+1), where u0 and u2k+1 are distinct vertices in
W, and u1, ..., u2k are not in W. In this case u1, ..., u2k have degree two in
G−v, so, in G, they must all be adjacent to v. Let
X={v} 2 {u1, ..., u2k}.
Graph G−{u1, u2k} is connected; therefore vertex v is adjacent to some
vertex of X¯. Then, the underlying simple graph of G{X; x¯} is an odd wheel
with v as its hub. So, it is a brick. Graph G{X¯; x} is also a brick. To see
this, first observe that G[X¯]=W, which is critical. Suppose that G{X¯; x}
has a nontrivial barrier B. The vertex x must be in B ; otherwise B would be
a nontrivial barrier in G itself. Now, if we set S=B−x, then S is a
nonempty subset of X¯ such that Codd(W−S)=|S|+1. This is impossible
because W is critical. Suppose now that G{X¯; x} has a 2-separation {u, v}.
Since G is free of 2-separations then one of u and v, say u, is x. Then v is a
cut-vertex of W, a contradiction. Therefore both N(X)-contractions of G
are bricks, whence this cut is robust in G. The characteristic of this cut
must be three because {u0, u2k+1} 2 {v} is a 3-vertex cut of G, and every
edge of N(X) is incident with a vertex in this cut.
Case 3. |E(P)|=1.
Let e be the edge of P and let C be the class of the dependence relation
on the edges of G that contains edge e. Let R be a minimal class of G
induced by C. Graph G−v−e is critical; therefore every edge of N(v) is
admissible in G−e. We conclude that R is disjoint with N(v). L
3.3. Removable Edges in Bipartite Graphs
Lemma 3.4. Let H be a bipartite matching covered graph with at least
four vertices, and let v be a specified vertex of H. If every vertex different
from v has degree at least three in H then H has two removable edges neither
of which is incident with vertex v.
Proof. By induction on |E(H)|. If H has four vertices, then it is easy to
verify the statement directly. If H is a brace on six or more vertices, then
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every edge of H is removable (see [2]), and so the statement is valid. We
may therefore assume that H has at least six vertices and has a nontrivial
tight cut.
Let C=N(X) be a nontrivial tight cut of H with v ¥X, and let
H1 :=H{X¯; x}. Note that H1 is bipartite, is matching covered, and has at
least four vertices. Moreover, every vertex distinct from x has degree at
least three in H1. By the induction hypothesis applied to H1 and x, graph
H1 has two removable edges, neither of which lies in C. Clearly, every
removable edge of H1 that is disjoint with cut C is a removable edge of H
disjoint with N(v). Therefore, the assertion holds. L
Lemma 3.5. Let G be a brick and let e be a removable edge of G such
that G−e has a special barrier B. Let K denote the unique nontrivial com-
ponent of G−e−B and let CK :=NG(V(K)). Let H denote the (CK−e)-
contraction (G−e){V(K); vK} of G−e. Then every edge of NH(vK) is
removable in the bipartite graph H.
Proof. Since G is matching covered and e is removable in G, graph
G−e is matching covered. Moreover, cut CK−e is tight in G−e. Therefore,
graph H is matching covered.
Let f denote any edge of NH(vK). Assume, to the contrary, that edge f is
not removable in H. Let A denote set V(H)−B. By Corollary 2.4 of [1],
there exists a partition (AŒ, Aœ) of A and a partition (BŒ, Bœ) of B such that
|AŒ|=|BŒ| and edge f is the only edge of H having one end in AŒ and the
other in Bœ. Let v denote the end of f in K. We emphasize that v is a vertex
of G, but not a vertex of H. Then, set Aœ 2 {v} is a nontrivial (special)
barrier of G. This is a contradiction. L
4. PROOF OF THE MAIN THEOREM—THE PETERSEN GRAPH
In this section, we prove the main theorem for the nonsolid bricks with
‘‘high’’ characteristic.
Theorem 4.1 (Main theorem—Petersen graph). Let G be a brick. If
3 < l(G) <. then the underlying simple graph of G is the Petersen graph,
l(G)=5, and every edge of G is (b+p)-removable.
Proof. If the underlying simple graph of G is the Petersen graph, then it
is straightforward to check that every edge of G is (b+p)-removable in G.
Thus, our task reduces to showing that the underlying simple graph of G is
the Petersen graph. For this, we may as well assume that G is simple.
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Lemma 4.2. Let e be a b-removable edge of G. Then, G−e is a solid
near-brick.
Proof. Assume, to the contrary, that G−e is not solid. By the mono-
tonicity of function l, it follows that 3 < l(G) [ l(G−e) <.. Let H
denote the brick of G−e. By Corollary 2.26 of [1], l(H)=l(G−e). By the
induction hypothesis,H is the Petersen graph. Thus, (b+p)(G−e)=2.
The Petersen graph has no b-removable edge. Therefore, G is not the
Petersen graph. Moreover, G is simple. Therefore, (b+p)(G)=1. We
conclude that edge e is b-removable but not (b+p)-removable in G. By
Theorem 5.4 of [1], l(G)=3, a contradiction. L
By hypothesis, graph G is not solid. By Corollary 2.6, G has a robust cut,
C :=N(X), such that l(C)=l(G). Let G1 :=G{X; x¯} and G2 :=G{X¯; x}
be the two C-contractions of G. Cut C is robust; therefore each of G1 and
G2 is a near-brick. We shall prove that G1 and G2 are both odd wheels. We
shall then proceed by proving that both odd wheels are of order 5 and the
edges of C connect the pentagons G[X] and G[X¯] in such a way that G is
the Petersen graph.
In Lemma 4.3 and Corollary 4.5, we prepare for the proof of Lemma
4.6, which states that G1 is an odd wheel of order greater than three.
The statements of Lemmas 4.3 and 4.6 and also of Corollary 4.5 refer to G1.
We remark that the proofs of these three results apply equally well
for G2.
Lemma 4.3. Graph G1 is solid.
Proof. Assume the contrary. Let D be a separating cut of G1 of charac-
teristic l(G1). Clearly, cut D is separating in G. LetM1 be a perfect match-
ing of G1 that contains precisely l(G1) edges in D. Then M1 may be
extended to a perfect matching of G, because C is separating in G. We
conclude that the characteristic l(D) of D in G satisfies the inequality
l(D) [ l(G1). By hypothesis, 3 < l(G). We then have that
3 < l(G) [ l(D) [ l(G1) <.,
whence 3 < l(G1) <..
Let H denote the brick of G1. By Corollary 2.26 of [1], l(H)=l(G1).
By the induction hypothesis,H is the Petersen graph, up to multiple edges.
By Corollary 2.14, there exists an extremal robust cut CŒ of G in G1,
where CŒ and C are matching equivalent and the CŒ-contraction of G1 that
does not contain vertex x¯ is brick H. The Petersen graph is cubic. There-
fore, each perfect matching of G contains at most three edges in CŒ. Cuts C
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and CŒ are matching equivalent, whence every perfect matching of G
contains at most three edges in C. This is a contradiction. L
Lemma 4.4. Let e be any edge of G. If cut C−e is separating in G−e
then cut C−e is tight in G−e, l(C)=5, and edge e lies in C.
Proof. Assume that cut C−e is separating in G−e. Then, graph G1−e
is matching covered. Cut C is robust; therefore graph G1 is a near-brick. By
Lemma 4.3, G1 is a solid near-brick. If edge e does not lie in E(G1) then
G1−e is a near-brick. If edge e lies in G1 then G1−e is a near-brick, by
Corollary 6.5 of [1]. In both cases, G1−e is a near-brick. Likewise, graph
G2−e is also a near-brick.
Assume, to the contrary, that cut C−e is not tight in G−e. By the
subadditivity of function b, it follows that b(G−e) < b(G1−e)+
b(G2−e)=2, whence b(G−e)=1. That is, edge e is b-removable in G. By
Lemma 4.2, graph G−e is solid. This contradicts the hypothesis that
separating cut C−e of G−e is not tight. As asserted, C−e is tight in G−e.
We conclude that b(G−e)=2.
Recall that 3 < l(G)=l(C), by hypothesis of G and definition of C. By
Corollary 2.19, l(C)=5 and edge e lies in cut C. L
Corollary 4.5. No edge of E(G1)−C is removable in G1.
Proof. Assume, to the contrary, that there exists an edge e of E(G1)−C
that is removable in G1. Then, the C-contractions of G−e are G1−e and
G2, both matching covered graphs, whence cut C is separating in G−e. By
Lemma 4.4, edge e lies in C, a contradiction. As asserted, no edge of
E(G1)−C is removable in G1. L
Lemma 4.6. Graph G1 is an odd wheel with x¯ as its hub, up to multiple
edges in C, and order greater than three.
Proof. Adopt the notation in the statement of Corollary 2.14. Cuts C
and CŒ are matching equivalent. Brick GŒ has no removable doubletons, for
otherwise l(CŒ)=3, by Lemma 3.1.
By Corollary 4.5, no edge of E(G1)−C is removable in G1, whence no
edge in E(GŒ)−CŒ is removable in GŒ. We conclude that every removable
class of GŒ meets CŒ.
By Lemma 4.3, graph G1 is solid; therefore GŒ is solid. Now, by
Lemma 3.3,GŒ is an odd wheel of hub xŒ, up tomultiple edges inCŒ. The order
of the wheel is at least l(G), because CŒ, being matching-equivalent to C,
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contains l(G) edges of some perfect matching of G. Therefore, GŒ is not K4,
up to multiple edges. We conclude that each edge of CŒ is removable in GŒ.
We assert that GŒ is in fact G1. To see this, assume the contrary. Then,
bipartite graph H (recall that we have adopted the notation of
Corollary 2.14) has at least four vertices. Moreover, graph G, a brick, is
3-connected; therefore every vertex of H has degree at least three in H.
By Lemma 3.4, graph H has a removable edge that does not lie in C. If a
removable edge of H does not lie in CŒ then it is certainly removable in G1.
If it lies in CŒ then it is removable in GŒ and therefore also removable in G1.
We conclude that E(G1)−C contains a removable edge, a contradiction.
As asserted, G1 is an odd wheel of hub x¯ and order at least l(G), up to
multiple edges in C. L
Lemma 4.3, Corollary 4.5, and Lemma 4.6 also apply to G2 playing the
role of G1. We conclude that both G1 and G2 are odd wheels of hub x¯ and
x, respectively, up to multiple edges in C. Moreover, both have order
greater than three.
We now show that in fact G is the Petersen graph. For this, let M0
denote a perfect matching of G that contains precisely l(G) edges in C.
We assert that C=M0 and l(C)=l(G)=5. To see this, let e be any
edge of C. The orders of the odd wheels G1 and G2 are both greater than
three; therefore edge e is removable in each of G1 and G2. Thus, cut C−e is
separating in G−e. By Lemma 4.4, cut C−e is tight in G−e and l(C)=5.
Perfect matching M0 of G contains l(C) edges in C. If edge e does not lie
in M0 then cut C−e is not tight in G−e, a contradiction. Thus, edge e lies
inM0. This conclusion holds for each edge e of C. Therefore, every edge of
C lies in M0. Indeed, C=M0. We conclude that G1 and G2 are odd wheels
of the same order, without multiple edges. The order of both wheels is
equal to the number of edges of C and also equal to the characteristic of G.
We have also shown that l(C)=5; therefore both G1 and G2 are wheels of
order 5.
Number the vertices of the rim of G1 cyclically in sequence:
(0Œ, 1Œ, ..., 4Œ). Likewise, number the vertices of the rim of G2 cyclically as
(0œ, 1œ, ..., 4œ).
We remark that if (iŒ, jœ) is any edge of C (0 [ i, j [ 4), then neither
vertex (i+1)Œ nor vertex (i−1)Œ is adjacent to any of (j+1)œ and (j−1)œ,
where the additions are taken modulo 5. The reason for this is that other-
wise there would be in G an M0-alternating circuit of length 4 containing
precisely two edges in C and this would imply that l(C)=3, a contradic-
tion. Therefore, vertex (i+1)Œ must be adjacent to one of (j+2)œ and
(j−2)œ.
Adjust notation by changing the origin of the numbering of the rim of
G2, so that vertex 0Œ is adjacent to vertex 0œ. In order to avoid the alternating
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circuit of length 4, vertex 1Œ must be adjacent to one of 2œ and 3œ. Adjust
notation by reversing the orientation of the numbering of the
vertices of the rim of G2, so that vertex 1Œ is adjacent to vertex 2œ.
In order to avoid alternating circuits of length 4, vertex 2Œ must be adja-
cent to one of 4œ or 0œ. But 0œ is already adjacent to vertex 0Œ ; therefore 2Œ
is adjacent to 4œ. Likewise, vertex 3Œ is adjacent to vertex 1œ and vertex 4Œ is
adjacent to vertex 3œ. In sum, for i=0, ..., 4, vertex iŒ is adjacent to
vertex (2i)œ, where the multiplication is taken modulo 5. Indeed, G is the
Petersen graph. L
It follows from the above theorem that if G is any brick, then the char-
acteristic l(G) of G belongs to the set {3, 5,.}. Recently Campos and
Lucchesi, [4], have shown that, in fact, if C is any separating cut in a
matching covered graph G, then the characteristic l(C) of C belongs to the
set {3, 5,.}.
5. PROOF OF THE MAIN THEOREM: l(G)=3
In this section we prove the main theorem for bricks of characteristic
three.
Theorem 5.1 (Main theorem: l(G)=3). Every brick G of characteristic
three has two edge-disjoint (b+p)-removable classes. If G is distinct from C6
and R8 then it has two (b+p)-removable edges. Graph C6 has three (b+p)-
removable doubletons and no removable edge. Graph R8 has one (b+p)-
removable edge and two (b+p)-removable doubletons.
Proof. We say that a brick is special if it is one of K4, C6, R8, or the
Petersen graph.
In every brick, a removable doubleton is b-removable and (b+p)-
removable, by Lemma 2.15 of [1]. Graph C6 has three edge-disjoint
removable doubletons and no removable edge. Graph R8, depicted in
Figure 3 of [1], has a (b+p)-removable edge, denoted by e. It has also two
removable doubletons, {a, a −1} and {aŒ, a1}. We conclude that the assertion
holds for special bricks of characteristic three.
We may thus assume that G is not special. We must show that G has two
(b+p)-removable edges. By Theorem 5.4 of [1], if G has a b-removable
edge that is not (b+p)-removable then G has two (b+p)-removable edges.
It thus suffices to show that G has two b-removable edges. Therefore, we
have reduced the proof of Theorem 5.1 to the proof of Theorem 5.2,
asserted below. L
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We remark that the assertion of Theorem 5.2 has been stated in [1] as
Conjecture 6:
Theorem 5.2. Every nonspecial brick has at least two b-removable edges.
5.1. A Subsidiary Theorem
A natural approach for proving that a brick G of characteristic three,
different from the specified small bricks, has two b-removable edges is to
find a suitable robust cut C of G and apply the induction hypothesis to
the two C-contractions G1 and G2 of G. In trying to prove the theorem
along these lines, there are several difficulties to contend with. First, a
b-removable edge of a C-contraction need not be b-removable in G.
Second, suppose that we are able to show under certain conditions that
there is one edge in G1, and one edge in G2, which are b-removable in G.
How are we to be sure that these two edges turn out to be different? Since
the edges of the cut C are in both G1 and G2, those two edges may both be
from C and be the same! The definition of a shielded edge introduced
below is helpful for circumventing this latter type of difficulty.
An edge e of G is shielded by a 3-robust cut C if e ¨ C ; and e is shielded if
it is shielded by some 3-robust cut of G. This notion plays an essential role
in Theorem 5.3. We shall see that Theorem 5.2 can be derived as a
consequence of this subsidiary theorem.
Theorem 5.3. Let G be a brick and X a minimal subset of V(G) such
that C :=N(X) is 3-robust in G. Let G1 :=G{X; x¯} and G2 :=G{X¯; x}.
Then, one of the following alternatives holds:
(i) G1 contains an edge that is b-removable in G and shielded, or
(ii) G1 is an odd wheel with x¯ as its hub, up to multiple edges incident
with the hub, and each edge of G2 that is b-removable in G2 is also
b-removable in G.
5.1.1. Reduction of Theorem 5.2 to Theorem 5.3. Let us first prove that
the existence of two b-removable edges follows from the validity of
Theorem 5.3.
Proof of Theorem 5.2. Let G be a nonspecial brick. Assume that the
assertion of Theorem 5.3 holds for G. We prove, by induction on G, that G
has at least two b-removable edges. If graph G is solid then the assertion
holds, by Theorem 7.2 and Corollary 6.5, both in [1]. If G is nonsolid but
l(G) > 3 then, by Theorem 4.1, l(G)=5 and the underlying simple graph
of G is the Petersen graph. By hypothesis, G is nonspecial; therefore it is
not the Petersen graph. Thus, G has multiple edges. Any pair of multiple
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edges constitutes a pair of b-removable edges of G. We may therefore
assume that G has characteristic three.
Case 1. For each minimal subset X of V(G) such that cut N(X) is
3-robust, G{X} has an edge that is b-removable in G and shielded.
Graph G has characteristic three. Thus, it has robust cuts of characteris-
tic three by Corollary 2.6. Let X0 be a minimal subset of V(G) such that
N(X0) is 3-robust. By the hypothesis of the case, G{X0} has an edge, say e,
that is b-removable in G and shielded in G.
Let D :=N(Y) be a 3-robust cut of G that shields edge e. Adjust notation
so that edge e has both ends in Y¯. Cut D is 3-robust and has Y as one of its
shores. Let X be a minimal subset of Y such that cut N(X) is 3-robust in G.
By the hypothesis of the case, G{X} has an edge, say f, that is b-removable
in G.
Edge f has at least one end in X, in turn a subset of Y. Edge e has both
ends in Y¯. We conclude that e and f are distinct b-removable edges of G.
The analysis of the case is complete.
We may thus assume that there exists a minimal subset X of V(G) such
that cut C :=N(X) is 3-robust, with the additional property that G1 :=
G{X; x¯} does not contain any edge that is b-removable in G and shielded
in G. Let G2 :=G{X¯; x}.
By Theorem 5.3, graph G1 is an odd wheel, up to multiple edges incident
with x¯, and each edge of G2 that is b-removable in G2 is also b-removable
in G.
Case 2. Graph G2 is not a brick.
By definition of X, every edge of G2 that is b-removable in G2 is also
b-removable in G. It thus suffices to show that G2 has two b-removable
edges.
Cut C is 3-robust in G and graph G2 is a C-contraction of G. Therefore,
graph G2 is a near-brick. If G2 is not a brick, then by Corollary 2.13, G2 has
a nontrivial tight cut D such that the D-contraction of G2 that does not
contain vertex x is a brick and the D-contraction H of G2 that contains
vertex x is bipartite. Let y be the vertex of H resulting from the contraction
of the shore of D not containing x. Then x and y lie in distinct parts of
the bipartition of H, and cuts C and D are matching equivalent.
By Lemma 3.4, H has at least two removable edges that are not incident
with vertex y. Thus, both these edges are b-removable in G2, whence also
b-removable in G.
Case 3. Graph G2 is a nonspecial brick.
By the induction hypothesis, graph G2 has two edges that are
b-removable in G2. By definition of X, every edge of G2 that is b-removable
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in G2 is also b-removable in G. We conclude that G has two b-removable
edges. The analysis of the case is complete.
Case 4. Graph G2 is a special brick.
All special bricks are cubic; thus |C|=3, whence G1 is K4. By hypothesis,
G is neither C6 nor R8. We conclude that G2 is neither K4 nor C6. So, G2 is
either the Petersen graph or R8. We consider these cases separately.
First suppose that G2 is the Petersen graph. Let Y be the set of vertices of
any pentagon of G2 that does not contain vertex x. Let D :=N(Y), and let
H1 :=G{Y; y¯} and H2 :=G{Y¯; y}. Graph H1 is the odd wheel of order 5.
Graph H2 is a brick, with C a robust cut; the C-contractions of H2 are an
odd wheel of order 5 and K4. Moreover, cut D has characteristic three in
G. LetM1 be the perfect matching of G that contains three edges in each of
C and D. Both edges of D−M1 are b-removable in G.
Now suppose that G2 is R8. Note that R8 has two triangles that have no
vertex in common; those two triangles include the edges of both removable
doubletons. Moreover, the b-removable edge of R8 is not incident with any
of the triangles. If the vertex x lies in one of the triangles, say T of R8, then
D :=N(V(R8)−V(T)) is a 3-robust cut of G such that both D-contractions
of G are C6. (Figures 3a and 3b depict the two possibilities, up to auto-
morphisms, where the edges of the triangle T are shown as dashed lines.) In
this case, each D-contraction has a removable doubleton disjoint with D,
and by Lemma 3.1, it follows that G has two b-removable edges. So,
suppose that x is an end of the b-removable edge of R8 (Fig. 3c). In this
case, each removable doubleton of R8 is disjoint with C ; therefore each
includes a b-removable edge of G. We conclude that G has two b-removable
edges.
FIG. 3. Graph G in the case G2=R8.
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The analysis of the last case completes the reduction of Theorem 5.2 to
Theorem 5.3. L
The proof of Theorem 5.2 has thus been reduced to the proof of
Theorem 5.3. We now proceed to present some fundamental properties of
3-robust cuts having minimal shores.
5.2. Fundamental Properties of 3-Robust Cuts of Minimal Shore
Let G be a brick and X a minimal subset of V(G) such that cut
C :=N(X) is 3-robust in G. Let G1 :=G{X; x¯} and G2 :=G{X¯; x}. LetM0
be a perfect matching of G that contains precisely three edges in C. In
order to give a proof of Theorem 5.3, we need some properties of X. These
properties are stated and proved in this section.
Lemma 5.4. Graph G1 is a brick.
Proof. Assume, to the contrary, that G1 is not a brick. By Corollary
2.14, there exists a robust cut CŒ=N(XŒ), with XŒ …X, which is matching
equivalent to C. Thus, CŒ is 3-robust. This contradicts the minimality
of X. L
Lemma 5.5. Graph G1 is free of nontrivial separating cuts D such that
|M0 5 D|=1 and |M 5 D| [ 3 for each perfect matchingM of G1.
Proof. If there exists a nontrivial separating cut of G1 satisfying the
properties in the hypothesis, then, by Theorem 2.11, there exists a 3-robust
cut of G1 which is also a 3-robust cut of G. This contradicts the minimality
of X. L
Theorem 5.6. Let e be any edge of C−M0. Then, G1−e has at most one
nontrivial maximal barrier. Moreover, if G1−e has such a barrier, then that
barrier is independent and special.
Proof. If G1−e is free of nontrivial barriers, then the statement is tri-
vially true. So, suppose that it has nontrivial barriers. Let B denote any
maximal nontrivial barrier of G1−e.
Let us introduce some notation first. Let EB denote the (possibly empty)
set of edges of G spanned B. Let K denote the set of components of
G1−e−B. For each K in K, let GK :=G1{V(K); vK} and let CK :=
NG(V(K)).
Let K be any component inK. Clearly, G1−e has perfect matchings. By
Lemma 2.8 of [1], K is odd and GK−e has a perfect matching. Moreover,
vertex vK does not lie in any nontrivial barrier of GK−e.
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Graph G1 is a brick; therefore B is not a barrier of G1, whence edge e has
its ends in distinct (odd) components ofK.
Proposition 5.7. For each component K in K, graph GK is matching
covered and bicritical.
Proof. Assume, to the contrary, that GK has a nontrivial barrier, BK.
Consider first the case in which vertex vK does not lie in BK. By Lemma
2.7 of [1], set BK is a (nontrivial) barrier of G1. That is a contradiction to
the hypothesis that G1 is a brick.
Consider last the case in which vertex vK lies in BK. If e is not an edge of
GK, then BK is a nontrivial barrier of GK−e that contains vertex vK. If e is
an edge of GK, then it lies in CK, whence it is incident with vK, a vertex of
BK: in that case, the components of GK−BK coincide with the components
of GK−e−BK. In both cases, BK is a nontrivial barrier of GK−e that con-
tains vertex vK. We have seen above that vertex vK does not lie in any
nontrivial barrier of GK−e. We thus derive a contradiction.
We conclude that GK is free of nontrivial barriers. We have seen above
that GK−e has perfect matchings. Therefore, GK has perfect matchings. By
Corollary 2.5 of [1], every edge of GK is admissible. Clearly, GK is con-
nected. We conclude that graph GK is matching covered and bicritical, as
asserted. L
Edge e has its ends in distinct components in K. Therefore, vertex x¯
does not lie in B. For each perfect matching M of G, a counting argument
then shows that
|B| [ C
K ¥K
|M 5 CK |=2 |M 5 {e}|+|B|−2 |M 5 EB |. (11)
SetM0 is a perfect matching of G that does not contain edge e. From (11),
we deduce that (i) M0 does not contain any edge in B and (ii) M0 contains
precisely one edge in CK, for each K inK.
Let J denote the component in K that contains vertex x¯. Matching M0
contains precisely one edge in CJ, whereas it contains three edges in N(x¯).
We conclude that J is nontrivial. Let H denote CJ-contraction G1{V(J)}
of G1.
Proposition 5.8. Each edge of H−e is admissible in H.
Proof. Let f be any edge of H distinct from e. Let Mf be a perfect
matching of G that contains edge f. If Mf has precisely one edge in CJ
thenMf 5 E(H) is a perfect matching of H that contains edge f.
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We may thus assume that Mf has more than one edge in CJ. From (11)
we deduce that (i) edge e lies in Mf, (ii) no edge of EB lies in Mf, and
(iii) Mf has precisely three edges in CJ and precisely one edge in CK, for
each K inK−J.
Let L denote the bipartite graph obtained from H−e−EB by contract-
ing each component K of K−J to a single vertex. Barrier B is one of the
parts of L. Let A denote the other part.
We assert that each edge ofMf 5 E(L) is admissible in L. To see this, let
h be an edge of L that is not admissible in L. We have seen that M0 does
not contain any edge in EB, it does not contain edge e, and it has precisely
one edge in CK, for each K in K. Therefore, set M0 5 E(L) is a perfect
matching of L.
By Theorem 2.3 of [1], there exists a partition (AŒ, Aœ) of A and a parti-
tion (BŒ, Bœ) of B such that |AŒ|=|BŒ|, edge h has one end in BŒ and the
other in Aœ, and no edge of L joins a vertex of AŒ to a vertex of Bœ. In that
case, set BŒ is a barrier of G1−e. Moreover, each odd component of
G1−e−BŒ lies in K. Let KŒ denote the set of odd components of
G1−e−BŒ.
Edge e does not have any end in an even component of G1−e−BŒ, for if
it had such an end, say w, set BŒ 2 {w} would then be a nontrivial barrier
of G1, a contradiction. We conclude that both ends of e lie in odd compo-
nents of G1−e−BŒ, conceivably in the same component. But KŒ …K.
Thus the ends of e lie in distinct odd components in KŒ. In particular, J
lies in KŒ. Let Z denote the set of edges of L that have one end in BŒ and
the other in Aœ. A counting argument then shows that
C
K ¥KŒ
|Mf 5 CK |=2 |Mf 5 {e}|+|BŒ|−2 |Mf 5 EB |− |Mf 5 Z|.
Recall that edge e lies in Mf, no edge of EB lies in Mf, and Mf has preci-
sely three edges in CJ and precisely one edge in CK, for each K in K−J.
Therefore, the terms of the above equality are both equal to |BŒ|+2. We
conclude that Mf does not contain any edge in Z. In particular, edge h
does not lie in Mf. This conclusion holds for each edge h of L that is not
admissible in L. As asserted, each edge ofMf 5 E(L) is admissible in L.
Edge f, by hypothesis, is an edge of H−e. It does not have both ends in
V(J). It does not lie in EB, because Mf does not contain any edge in EB.
We conclude that either edge f has both ends in V(K), for some
component K inK−J, or it is an admissible edge of L.
Consider first the case in which f has both ends in V(K), for some
component K inK−J. Let h be the edge of Mf in CK. We have seen that
edge h is admissible in L. Let N be a perfect matching of L that contains
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edge h. By Proposition 5.7, graph GKŒ is matching covered, for each com-
ponent KŒ inK. Thus, matching N 2 (Mf 5 E(GK)) may be extended to a
perfect matching of H.
Likewise, if edge f lies in E(L) then, since f lies in Mf, it is an admis-
sible edge of L. Let N be a perfect matching of L that contains edge f.
Again, N may be extended to a perfect matching of H that contains
edge f. As asserted, each edge of H−e is admissible in H. L
Proposition 5.9. Edge e is removable in G1 but not admissible in H.
Proof. Assume, to the contrary, that edge e is also admissible in H.
Then, every edge of H is admissible in H. We have seen that graph GJ is
matching covered. We conclude that both CJ-contractions of G1 are
matching covered. Thus, cut CJ is separating in G1. Moreover, from (11)
we deduce that |M 5 CJ | [ 3, for each perfect matchingM of G. Therefore,
the same conclusion holds for each perfect matchingM of G1. In sum, CJ is
a nontrivial separating cut of brick G1 such that CJ has precisely one edge
in M0 and at most three edges in any perfect matching of G1. This is a
contradiction to Lemma 5.5. We conclude that edge e is not admissible
in H.
The conclusion stated above has an important implication. We have seen
that every edge of H−e is admissible in H. Therefore, every edge of H−e
is admissible in H−e. We conclude that B does not span any edge. That is,
B is independent. This conclusion holds for each maximal barrier B of
G1−e. Therefore, it also holds for every barrier B of G1−e. By
Corollary 2.5 of [1], we conclude that edge e is removable in G1. L
Let K be any component inK−J. If K is nontrivial then there exists in
G a perfect matching M that contains more than one edge in CK. From
(11), we conclude that M contains precisely three edges in CK and just one
edge in CJ. Moreover, it also contains edge e. In that case, setM 5 E(H) is
a perfect matching of H that contains edge e. This is a contradiction to the
fact that edge e is not admissible in H. We conclude that K is trivial. This
conclusion holds for each component K in K−J. Therefore, J is the only
nontrivial component of G1−e−B. Indeed, barrier B is special.
Let v denote the end of e in G1 distinct from x¯. For every maximal
barrier BŒ of G1−e, the component of G1−e−BŒ that contains vertex x¯ is
the only nontrivial component of G1−e−BŒ. Therefore, BŒ must contain
the vertices of V(G1)− x¯ that are adjacent to vertex v. Graph G1−e is
matching covered; therefore the set of maximal barriers of G1−e partitions
the set of vertices of G1, by Theorem 2.6 of [1]. We conclude that barrier B
is unique. The proof of Theorem 5.6 is complete. L
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Corollary 5.10. Every edge of C−M0 is b-removable in G1.
Proof. Let e be any edge of C−M0. By the above theorem, all barriers
of G1−e are independent. It follows that edge e is removable in G1.
Assume, to the contrary, that e is not b-removable in G1. Then, either
G1−e has a 2-separation or G1−e has a nontrivial barrier. If G1−e has a
2-separation, then, by Lemma 2.11 of [1], the two nontrivial separating
cuts associated with the 2-separation have each at most three edges in each
perfect matching of G1. Moreover, since |M0 5 C|=3, at least one of the
two cuts has just one edge in M0, even if one of the vertices of the
2-separation is x¯. This is in contradiction to Lemma 5.5. We conclude that
G1−e is free of 2-separations.
Assume that G1−e has a nontrivial barrier. By Theorem 5.6, it has a
unique maximal nontrivial barrier, say B. That barrier is special. Let J
denote the only nontrivial component of G1−e−B, CJ the cut associated
with J in G1. Let GJ denote the CJ-contraction G1{V(J); vJ} of G1. By
Lemma 2.8 of [1], the maximality of B, and its uniqueness, we have that
graph GJ−e is bicritical. If GJ−e is not a brick, then it must have a
2-separation. Graph G1−e has no 2-separation; therefore one of the ver-
tices of this separation is vertex vJ. Let v denote the other vertex of the
2-separation. Let D1 and D2 be two cuts associated with the 2-separation in
the usual way. Vertex x¯ does not lie in B. Then, for every perfect matching
M of G we have
|M 5 D1 |+|M 5 D2 |=1+|M 5 CJ |=2+2 |{e} 5M|.
Neither D1 nor D2 is tight in G1; therefore both are (nontrivial) separating
cuts of G1. Moreover, |M 5 Di | [ 3, for i=1, 2 and for each perfect
matchingM of G. For perfect matchingM0 of G we have that
|M0 5 D1 |+|M0 5 D2 |=2+2 |{x¯} 5 {v}|,
whence at least one of D1 and D2 has just one edge in M0. Again, this
conclusion is in contradiction to Lemma 5.5. As asserted, G1−e is a
near-brick. L
Corollary 5.11. Let D :=N(Y) be a 3-robust cut of G such that
|X 5 Y| is odd and cuts C and D cross. Let f be an edge of G that joins a
vertex of X 5 Y¯ to a vertex of X¯ 5 Y¯. If edge f is b-removable in G2 and
does not lie inM0 then it is b-removable in G and shielded by cut D.
Proof. Edge f lies in C−M0; therefore it is b-removable in G1, by
Corollary 5.10. By hypothesis, edge f is b-removable in G2. Therefore, it is
BRICKS OF FINITE CHARACTERISTIC 169
removable in G, cut C−f is separating in G−f, and each (C−f)-
contraction of G−f is a near-brick. By hypothesis, edge f does not lie in
M0; therefore M0 is a perfect matching of G−f that contains more than
one edge in C−f. Thus, cut C−f is 3-robust in G−f. By Theorem 4.4 of
[1], we conclude that edge f is b-removable in G. Edge f does not lie in D,
in turn a 3-robust cut of G. Thus, f is shielded by D. L
Lemma 5.12. Let D :=N(Y) be a 3-robust cut of G such that |X 5 Y| is
odd and cuts C and D cross. Then, at least two vertices of X 5 Y¯ are adjacent
to vertices of X¯ 5 Y¯.
Proof. Let H denote D-contraction G{Y¯; y} of G. By hypothesis, cut D
is 3-robust, whence H is matching covered. Every matching covered graph
is 2-connected; therefore graph H−y is connected. Thus, there exists at
least one vertex in X 5 Y¯ that is adjacent to vertices of X¯ 5 Y¯.
Assume, to the contrary, that there exists precisely one vertex of X 5 Y¯
that is adjacent to vertices of X¯ 5 Y¯. Let v denote that vertex. Let DŒ
denote cut N(X 5 Y¯−v).
Set {v, y} is a barrier of H and the two barrier cuts are DŒ and
N(X¯ 5 Y¯). Therefore, those two cuts are both tight in H. In particular, cut
DŒ is tight in H. Recall that cut D is robust in G ; therefore graph H
is a near-brick. By Corollary 2.14 of [1], we conclude that one of the
DŒ-contractions of H is bipartite and the other is a near-brick.
If the DŒ-contraction of H that contains vertex y is bipartite, then cut DŒ
is robust in G and matching-equivalent to D, by Corollary 2.13. Therefore,
cut DŒ is 3-robust in G. This contradicts the minimality of X. We conclude
that the DŒ-contraction of H that does not contain vertex y is bipartite.
This bipartite graph is also a DŒ-contraction of G. Therefore, DŒ is a barrier
cut of G. Thus, cut DŒ is tight in G. Since G is a brick, we conclude that DŒ
is trivial. That is, set (X 5 Y¯)−v is a singleton, say {z}.
By Lemma 5.4, graph G1 is a brick. Therefore, each vertex in G1 is adja-
cent to at least three vertices. Thus, vertex v is adjacent in G1 to some
vertex of X 5 Y. We conclude that vertex v is adjacent to vertex y in graph
H. Let e denote an edge that joins vertices v and y in H. We have seen
that {v, y} is a barrier of H. Thus, edge e is not admissible in H, a
contradiction. L
Corollary 5.13. Let D :=N(Y) be a 3-robust cut of G such that
|X 5 Y| is odd and cuts C and D cross. If X¯ 5 Y¯ is a singleton then C−M0
contains a b-removable edge that is shielded by cut D.
Proof. Let u denote the only vertex of X¯ 5 Y¯. Let T denote the set of
edges that join u to vertices of X 5 Y¯. Each edge of T is incident with
vertex u ; therefore at most one edge of T lies in M0. By Lemma 5.12,
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T contains at least two edges. Therefore, T−M0 is nonnull. Let f be any
edge of T−M0. All the edges of T are multiple in G2 and therefore
b-removable in G2. In particular, edge f is b-removable in G2. By
Corollary 5.11, edge f is b-removable in G and shielded by D. L
5.3. Proof of Theorem 5.3
We adopt the notation introduced in the beginning of Section 5.2.
Proof of Theorem 5.3. Assume that no edge of G1 is b-removable in G
and shielded. We shall now prove that G1 is an odd wheel of hub x¯, up to
multiple edges in x¯, and every edge of G2 that is b-removable in G2 is also
b-removable in G.
Lemma 5.14. Graph G1 is a solid brick.
Proof. By Lemma 5.4, graph G1 is a brick. Assume that G1 is not solid.
We shall derive a contradiction by showing that C−M0 contains an edge
that is b-removable in G and shielded.
We first assert that l(G1)=3. For this, assume the contrary. In that case,
by the main theorem 4.1, G1 is the Petersen graph, up to multiple edges. Let
Y denote the vertex set of a pentagon of G1 not containing vertex x¯. Let
CŒ :=N(Y). Then, CŒ is robust in G1. Since C is separating in G, it follows
that CŒ is separating in G. There are perfect matchings of G that contain
three edges in each of C and CŒ. Thus, the characteristic of CŒ in G is three.
There are perfect matchings of G that contain three edges in C and just one
edge in CŒ. By Lemma 2.7, CŒ is a 3-robust cut of G, in contradiction to the
minimality of X.
Let D1 be a cut of G1 of characteristic three. Let M
−
1 denote any perfect
matching of G1 containing precisely three edges in D1. Let M
'
1 denote a
perfect matching of G2 that contains the edge of M
−
1 in C. Let M1 :=
M −1 2M'1 . ThenM1 is a perfect matching of G that contains precisely three
edges in D1 and just one edge in C.
We first observe that C and D1 are synchronous separating cuts of G, in
the following sense: for every edge e of G there exists a perfect matching
Me of G that contains edge e and just one edge in each of C and D1. To see
this, consider first the case in which e lies in G1; in that case, G1 has a
perfect matching, M −e, that contains e and just one edge in D1; let M
'
e
denote a perfect matching of G2 that contains the edge of M
−
e in C. Then
M −e 2M'e is a perfect matching of G that contains edge e and just one edge
in each of C and D1. Now consider the case in which edge e does not lie in
G1. Let M
'
e denote a perfect matching of G2 that contains edge e. Let M
−
e
denote a perfect matching of G1 that contains the edge ofM
'
e in C and just
one edge in D1. Again, M
−
e 2M'e is a perfect matching of G that contains
edge e and just one edge in each of C and D1.
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Among the nontrivial separating cuts D of G such that |M1 5 D|=3 and
DQ D1, let D be one that is minimal with respect to the relation Q of pre-
cedence. By Corollary 2.4, D is 3-robust in G. SinceM1 has more than one
edge in D, but has only one edge in C, it follows that D is not matching
equivalent to C. In particular, D ] C.
Let Y denote the shore of D such that both I :=N(X 5 Y) and
U :=N(X¯ 5 Y¯) are odd cuts. This is always possible, even if cuts C and D
do not cross. For any edge e of G, matching Me, defined above, contains
edge e and just one edge in each of C and D1. Since DQ D1, it follows that
Me also has just one edge in D. By Lemma 2.11 of [1], each of I and U
also have just one edge inMe and edge e does not join a vertex of X 5 Y¯ to
a vertex of X¯ 5 Y. We conclude that no edge of G joins a vertex of X 5 Y¯
to a vertex of X¯ 5 Y. The modularity applies to the pair C, D ; that is, for
every perfect matchingM of G,
|M 5 C|+|M 5 D|=|M 5 I|+|M 5 U|.
We assert that U is a tight cut in G2. For this, assume, to the contrary, that
there exists a perfect matchingM'2 of G2 that contains more than one edge
in U. LetM −2 denote a perfect matching of G1 that contains the edge ofM
'
2
in C and just one edge in D1. Then M2 :=M
−
2 2M'2 constitutes a perfect
matching of G that contains one edge in each of C and D1, but more than
one edge in U. By submodularity, M2 contains more than one edge in D.
Thus M2 has just one edge in D1 but more than one edge in D. This
contradicts the definition of D. As asserted, U is tight in G2.
We assert that U is trivial in G2 and distinct from C. For this, assume the
contrary. If U is not trivial then, by Lemma 2.12, cuts U and C are match-
ing equivalent. The same conclusion holds if U=C. In that case, by
modularity, I and D are also matching equivalent. Thus I is also minimal
with respect to the relation Q of precedence, |M1 5 I|=3, and IQ D1.
Therefore, I is a 3-robust cut of G. Moreover, I and C are distinct, because
M1 has just one edge in C and three edges in I. Thus, X 5 Y is a proper
subset of X. Again, this is a contradiction of the minimality of X. As
asserted, U is trivial in G2 and distinct from C. That is, X¯ 5 Y¯ is a
singleton.
By Corollary 5.13, there exists an edge in C−M0 that is b-removable in
G and shielded by cut D. Thus, G1 contains an edge that is b-removable in
G and shielded. This contradicts our assumption. L
Lemma 5.15. Graph G1 is an odd wheel, of hub x¯, up to multiple edges
incident with x¯.
Proof. Assume, to the contrary, that G1 is not an odd wheel of hub x¯,
up to multiple edges in C. We shall proceed to show that there exists an
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edge in C which is b-removable in G and shielded, which would be
a contradiction.
By Lemma 5.14, graph G1 is a solid brick. By the contradiction hypoth-
esis and Lemma 3.3, G1 has a removable class, say R, which is disjoint
with C.
By Lemma 2.15 of [1], R has at most two edges. Each edge of R is
vacuously b-removable in G2, because R and E(G2) are disjoint. If R is a
doubleton, then one of its edges is b-removable in G, by Lemma 3.1.
Moreover, that edge is shielded by cut C itself.
We may thus assume that G1 has a removable edge, say e, that does not
lie in C. Since G1 is solid, that edge is b-removable in G1, by Corollary 6.5
of [1]. Thus, edge e is b-removable in each of G1 and G2. Therefore,
b(G1−e)=b(G2−e)=1. If edge e is b-removable in G then we derive a
contradiction, because edge e is shielded by cut C. We may thus assume
that edge e is not b-removable in G. By the subadditivity of function b, cut
C is tight in G−e, and, in fact, b(G−e)=2. Thus, by Corollary 2.19, there
exists a 3-robust cut D in G such that D−e is tight in G−e. Moreover,
cuts C=C−e and D−e are either a barrier cut pair or essentially a
2-separation cut pair of G−e.
Let us consider first the case in which cuts C and D−e constitute a
barrier cut pair of G−e. Let B denote the corresponding barrier of G−e.
Edge e has its ends in distinct components of G−e−B, but both ends of e
lie in X. It follows that G[X¯] is one of the nontrivial components of
G−e−B. Thus, D is a nontrivial cut of G1. Moreover, D is 3-robust in G.
This is a contradiction to the minimality of X.
We may thus assume that cuts C and D−e are essentially a 2-separation
cut pair of G−e. Let Y be the shore of D such that X 5 Y is odd. Let
I :=N(X 5 Y) and U :=N(X¯ 5 Y¯).
Since e has both ends in X and cuts C and D−e are both tight in G−e,
modularity relates C, D, I, and U, by Theorem 2.12 and Lemma 2.11, both
of [1]. Therefore, I−e and U−e are both tight in G−e. Moreover, the
shore X¯ 5 Y¯ of cut U spans a bipartite graph in G−e. Edge e has both
ends in X. Therefore, cut U is tight in G, by Corollary 2.21 of [1]. Since G
is a brick, this implies that X¯ 5 Y¯ is a singleton.
By Corollary 5.13, there exists an edge in C−M0 that is b-removable in
G and shielded by cut D. Thus, G1 contains an edge that is b-removable
in G and shielded. This contradicts our assumption. L
Lemma 5.16. Every edge of G2 that is b-removable in G2 is also
b-removable in G1.
Proof. Let e be an edge of G2 that is b-removable in G2. Every edge of
E(G2)−C is vacuously b-removable in G1. If e does not lie in C then it is
b-removable in G1. We may thus assume that edge e lies in C.
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By Lemma 5.15, graph G1 is an odd wheel of hub x¯, up to multiple edges
in C. If the order of the wheel is at least five then every edge of C is
removable in G1. If the order of the wheel is three and e is a multiple edge
of G1 then e is removable in G1. Moreover, in G1, a solid brick, every
removable edge is b-removable.
We may thus assume that |X|=3 and also that edge e is not multiple in
G1. Let f be the edge of the triangle G[X] that is not adjacent with edge e.
Then {e, f} is a removable doubleton of G1. By Lemma 3.1, edge f is
b-removable in G. Moreover, edge f is shielded by cut C. This is a
contradiction. L
Theorem 5.17. Every edge of G2 that is b-removable in G2 is also
b-removable in G.
Proof. Assume, to the contrary, that there exist edges in G2 that are
b-removable in G2 but not b-removable in G. Let e be any such edge. We
may have several alternatives for edge e. We adopt the following criteria
for the choice of edge e :
if possible, choose edge e to lie in C. (12)
By Lemma 5.16, edge e is b-removable in G1. Thus, edge e is b-removable
in each of G1 and G2. Therefore, edge e is removable in G and b(G1−e)=
b(G2−e)=1.
By the subadditivity of function b, proved in Theorem 4.3 of [1], cut
C−e is tight in G−e, and, in fact, b(G−e)=2. Thus, by Lemma 2.15,
there exists a robust cut D in G such that D−e is tight in G−e and cuts C
and D are not matching equivalent. We may have several alternatives for
cut D. We adopt the following criteria for the choice of cut D :
if possible, choose D so that C and D cross. (13)
We remark that since cut C−e is tight in G−e, it follows that M0 is
not a perfect matching of G−e. We conclude that edge e lies inM0. Cut C,
a robust cut of G, is separating in G. By Lemma 2.19 of [1], there
exists a perfect matching M1 in G that contains edge e and just one edge
in C.
Case 1. Cuts C and D do not cross.
By Lemma 2.16, cuts C−e and D−e constitute a barrier cut pair of
G−e. Let B denote a barrier of G−e such that G−e−B has precisely two
nontrivial components, J and K, where C=NG(V(J)) and D=NG(V(K)).
Then, the perfect matching M0 of G contains edge e, precisely three edges
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in C, and just one edge in D. Similarly, M1 contains e, has precisely three
edges in D, and has just one edge in C. Thus, cut D is 3-robust in G.
Since C=NG(V(J)), set V(J) is either X or X¯. We note that V(J) must
in fact be X. For, suppose that V(J)=X¯. Then, V(K) …X. But D=
NG(V(K)) is a 3-robust cut of G, in contradiction to the minimality of X.
Lemma 5.18. Every edge of C−M1 is b-removable in G2.
Proof. Consider the graph H obtained from G by contracting V(J)=X
to a single vertex x to obtain G2 and then contracting V(K) to a single
vertex y. Then, graph H is one of the D-contractions of G2. Moreover,
graph H−e is bipartite. One of the parts of the bipartition of H−e is B.
Let A denote the other part of that bipartition; it contains vertices x and y.
Let HŒ denote the other D-contraction of G2. Since G2−e is a near-brick,
and since H−e is bipartite, it follows that HŒ−e is also a near-brick.
Let f be any edge of C−M1. Since edge e lies in M1, edge f is not edge
e. Therefore, edge f is an edge of H−e ; its end in A is x and the other end
lies in B. Therefore, edge f does not lie in cut D. We conclude that the
(D−e)-contractions of G2−e−f are graphs HŒ−e and H−e−f. The
former is a near-brick. The latter is bipartite. Moreover, H−e, a (D−e)-
contraction of G2−e, is bipartite and matching covered.
In order to show that f is b-removable in G2−e, it thus suffices to show
that f is removable in H−e. Assume, to the contrary, that f is not
removable in H−e. By Theorem 2.3 of [1], there is a partition (AŒ, Aœ) of
A and a partition (BŒ, Bœ) of B such that |AŒ|=|BŒ|, |Aœ|=|Bœ|, and f is the
only edge of H−e joining a vertex of AŒ to a vertex of Bœ. (See Fig. 4.)
Let z be the end of f in G that lies in X. Let Z :=Aœ 2 {z}. Vertex x lies
in AŒ, because the end x of f in A lies in AŒ. If vertex y does not lie in Aœ
then Z is a nontrivial barrier of G, a contradiction. Therefore, vertex y lies
in Aœ.
Let YŒ :=(Z−y) 2 Y 2 Bœ, DŒ :=NG(YŒ). The D-contraction L of G that
contains cut C contains also cut DŒ. Moreover, DŒ is a barrier cut in L ; the
FIG. 4. Cuts C−e and D−e are a barrier cut pair.
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corresponding (special) barrier is Z, which is nontrivial. Therefore, DŒ is a
nontrivial tight cut of L. Apply now Corollary 2.13, with D, DŒ, YŒ, and y
playing the role of C, D, Y, and x¯, respectively: we deduce that cut DŒ is
robust in G and matching equivalent to D. As D−e is tight in G−e, so is
cut DŒ−e. We conclude that cut DŒ is robust in G, cut DŒ−e is tight in
G−e, and cuts C and DŒ are not matching equivalent. Moreover, cuts C
and DŒ cross. That is a contradiction to the criteria (13) used to choose
cut D. We conclude that edge f is removable in H−e and therefore
b-removable in G2−e.
Finally,M1 5 E(G2) is a perfect matching of G2 that contains edge e but
does not contain edge f. We have seen that edge f is b-removable in
G2−e. Therefore, graph G2−f is matching covered. By the monotonicity
of function b, proved in Theorem 2.17 of [1], 1=b(G2) [ b(G2−f) [
b(G2−e−f)=1. Therefore, f is b-removable in G2. This conclusion
holds for every edge f of C−M1. As asserted, every edge of C−M1 is
b-removable in G2. L
Cut C has at least three edges; matchingM1 has precisely one edge in C.
Therefore, C−M1 is nonnull. We conclude that cut C contains edges that
are b-removable in G2. If at least one of these edges is b-removable in G
then the desired contradiction is attained, for each of these edges lies in G1
and is shielded by cut D. We may thus assume that none of these edges is
b-removable in G. By the criteria (12) used to select edge e, we conclude
that edge e lies in C. Therefore, edge e is the edge ofM1 in C.
Assume that C−M0 is nonnull and let f be any edge of C−M0. Edge e
is the edge ofM1 in C and also lies inM0. Thus, edge f lies in C−M1. By
Lemma 5.18, edge f is b-removable in G2. By Corollary 5.11, edge f is
b-removable in G. Therefore, in order to produce an edge in C−e that is
b-removable in G, it suffices to show that C−M0 is nonnull. Graph G1 is
an odd wheel of hub x¯, up to multiple edges in C. If |X| > 3 then |C| \ 5,
whence |C−M0 | \ 2. We may thus assume that |X|=3, whence G1 is K4,
up to multiple edges. Edge e is b-removable in G2. By Lemma 5.16, it is also
removable in G1. Therefore, |C| \ 4, whence |C−M0 | \ 1. In both cases we
conclude that C−M0 is nonnull. Each edge of C−M0 is b-removable in G
and shielded. Therefore, G1 has edges that are b-removable in G and
shielded. This is a contradiction to the hypothesis that G1 is free of such
edges. The analysis of the case is complete.
Case 2. Cuts C and D cross.
By Lemma 2.17, cuts C−e and D−e are essentially a 2-separation cut
pair of G−e. Let Y be a shore of D such that I :=N(X 5 Y) and U :=
N(X¯ 5 Y¯) are both odd cuts. If cut U is trivial then, by Corollary 5.13,
there exists an edge in C−M0 that is b-removable in G and shielded by
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cut D. In that case, G1 contains an edge that is b-removable in G and
shielded. This contradicts our assumption. We may thus assume that cutU is
nontrivial.
By definition of essentially crossing cut pair, each of I−e and U−e is
tight G−e. By Theorem 2.12 of [1], no edge of G−e joins a vertex of
X 5 Y¯ to a vertex of X¯ 5 Y.
Let G11 :=G{X 5 Y; v11} and G22 :=G{X¯ 5 Y¯ ; v22}. By definition of an
essentially 2-separation cut pair, each of G11−e and G22−e is bipartite. For
i=1, 2, let (Ai, Bi) denote the bipartition of Gii−e such that vertex vii lies
in Ai. Let T denote the set of edges of G that have one end in X 5 Y¯ and
the other in X¯ 5 Y¯. (Figure 5 illustrates the particular case in which both I
and U are nontrivial; set T is indicated by dashed lines.) We note that every
edge of T is shielded by the 3-robust cut D.
Cut U is nontrivial; therefore B2 is a nontrivial (special) barrier of G−e.
Graph G is a brick and therefore free of nontrivial barriers. Thus, edge e
has at least one end in A2−v22. We conclude that no edge of G joins a
vertex of X 5 Y¯ to a vertex of X¯ 5 Y.
Lemma 5.19. Set T−e contains at least two edges.
Proof. By Lemma 5.12, set T contains at least two edges. If T contains
more than two edges, or if edge e does not lie in T, the assertion holds tri-
vially. We may thus assume that T contains precisely two edges, one of
which is edge e.
Edge e thus has no end in X 5 Y. Therefore, B1, a barrier of G−e, is in
fact a barrier of G. Since G is free of nontrivial barriers, it follows that B1 is
trivial, whence X 5 Y is a singleton.
FIG. 5. Cuts C−e and D−e are a 2-separation cut pair.
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Graph G1 is an odd wheel of hub x¯, up to multiple edges in C. No edge
of G joins a vertex of X 5 Y¯ to a vertex of X¯ 5 Y. Therefore, all the edges
of C incident with vertices of X 5 Y¯ lie in T. Since T has just two edges, we
conclude that X 5 Y¯ has precisely two vertices. Thus, |X|=3 and edge e is
not a multiple edge of G1. We conclude that edge e is b-removable in G2 but
not removable in G1. This is a contradiction to the statement of
Lemma 5.16. As asserted, |T−e| \ 2. L
Lemma 5.20. Every edge of T−M1 is b-removable in G2.
Proof. Let f be any edge of T−M1. Edge e lies in M1 and therefore
edge f lies in T−e.
Let G21 :=G2{(X¯ 5 Y) 2 {x}; v21}. Then, graphs G21−e and G22−e are
the two (U−e)-contractions of graph G2.
In G21−e, each edge of T−e joins vertex v21 to vertex x. By Lemma 5.19,
there are at least two such edges. Thus, they are all multiple edges in G21−e
and therefore b-removable in G21−e.
On the other hand, B2 is a special barrier of G−e. Note that, in G−e,
the edges of T−e all join vertices of B2 to vertices of the only nontrivial
component of G−e−B2. By Lemma 3.5, each edge of T−e is removable in
G22−e. We have seen that graphs G21−e and G22−e are the two (U−e)-
contractions of G2−e. Graph G2−e is a near-brick, cut U−e is tight in
G2−e, and graph G22−e is bipartite. Therefore, graph G21−e is a near-
brick. Thus, G21−e−f is a near-brick and G22−e−f is bipartite and
matching covered. We conclude that G2−e−f is a near-brick. In other
words, edge f is b-removable in G2−e.
Graph G2−e−f is matching covered and M1 5 E(G2) is a perfect
matching of G2 that contains edge e but does not contain edge f. Thus,
G2−f is matching covered. By the monotonicity of function b, proved
in Theorem 2.17 of [1], 1=b(G2) [ b(G2−f) [ b(G2−e−f)=1. There-
fore, f is b-removable in G2. This conclusion holds for every edge f of
T−M1. L
Clearly, T … C. By Lemma 5.12, T contains at least two edges. Matching
M1 contains precisely one edge in C. We conclude that set T−M1 is
nonnull. Let f be any edge in T−M1. If f is b-removable in G, then we
derive the desired contradiction, because 3-robust cut D shields edge f. We
may therefore assume that edge f is not b-removable in G. By Lemma 5.20,
edge f is b-removable in G2. By the criteria (12) used in the choice of edge
e, it follows that edge e lies in C (although it is certainly distinct from f,
because f does not lie inM1).
Every edge of T−(M0 2M1) is b-removable in G and shielded, by
Lemma 5.20 and Corollary 5.11. Our task will then be complete, provided
we show that T−(M0 2M1) is nonnull.
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We have seen that edge e lies in C and M1 contains edge e and just one
edge in C. Therefore, edge e is the only edge ofM1 in C. Moreover, T … C,
whence T−M1=T−e. On the other hand, edge e lies inM0. We conclude
that T−(M0 2M1)=T−M0.
Our task has thus been reduced to proving that T−M0 is nonnull. For
this, recall that no edge of G joins a vertex of X 5 Y¯ to a vertex of X¯ 5 Y.
Since G1 is an odd wheel of hub x¯, up to multiple edges in C, it follows that
each vertex of X 5 Y¯ is incident with an edge of T. Let n :=|X 5 Y¯|. Then,
n is even. If n > 2 then n \ 4, whence |T−M0 | \ n−3 > 0. We may thus
assume that n=2. If |T| > 2 then a pair of edges of T constitutes a pair of
multiple edges in G1, whence at least one of them does not lie in M0. We
may thus assume that |T|=n=2.
Let v and w denote the two vertices of X 5 Y¯. Edge f is incident with
one of v and w, and the edge of T−f is incident with the other vertex. By
Lemma 5.16, edge f is also b-removable in G1. Therefore, |X| > 3, whence
|X 5 Y| > 1. That is, cut I is nontrivial. Recall that (A1, B1) is a bipartition
of G11−e, and A1 contains vertex v11, where G11=G{X 5 Y; v11}. Since I is
nontrivial, set B1 is a nontrivial barrier of G−e. Since G is free of nontri-
vial barriers, it follows that edge e has one end in A11−v11. Consequently,
for each perfect matching M of G, |M 5 I|=1+2 |M 5 {e}|. In particular
M0 contains three edges in cut I, one of which is edge e.
If e is the only edge of M0 5 I in C, then the edges of M0 5 I−e are
incident with vertices v and w, whence C has only one edge in M0, a con-
tradiction. Therefore, M0 5 I contains another edge in C, in addition to e.
Then, at most one edge of T lies in M0. We conclude that T−M0 is
nonnull. Each edge in T−M0 is b-removable in G and shielded. This con-
tradicts the hypothesis that no edge of G1 is b-removable in G and shielded.
The analysis of the case is complete. L
The proof of Theorem 5.17 completes the proof of Theorem 5.3. L
The proof of the main theorem, for bricks of characteristic three, is
complete.
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